Topologically ordered states are quantum states of matter with topological ground state degeneracy and quasiparticles carrying fractional quantum numbers and fractional statistics. The topological spin θ a = 2πh a is an important property of a topological quasi-particle, which is the Berry phase obtained in the adiabatic self-rotation of the quasi-particle by 2π. For chiral topological states with robust chiral edge states, another fundamental topological property is the edge state chiral central charge c. In this paper we propose a new approach to compute the topological spin and chiral central charge in lattice models by defining a new quantity named as the momentum polarization. Momentum polarization is defined on the cylinder geometry as a universal subleading term in the average value of a "partial translation operator". We show that the momentum polarization is a quantum entanglement property which can be computed from the reduced density matrix, and our analytic derivation based on edge conformal field theory shows that the momentum polarization measures the combination h a − c 24 of topological spin and central charge. Numerical results are obtained for two example systems, the non-Abelian phase of the honeycomb lattice Kitaev model, and the ν = 1/2 Laughlin state of a fractional Chern insulator described by a variational Monte Carlo wavefunction. The numerical results verifies the analytic formula with high accuracy, and further suggests that this result remains robust even when the edge states cannot be described by a conformal field theory. Our result provides a new efficient approach to characterize and identify topological states of matter from finite size numerics.
I. INTRODUCTION
Since the discovery of integer and fractional quantum Hall states in 1980's 1,2 , the research on topological states of matter has attracted tremendous experimental and theoretical interest. The recent discovery of topological insulators and topological superconductors have greatly expanded the knowledge of topological states. [3] [4] [5] In general, topological states are gapped zero-temperature states of matter which cannot be deformed to trivial states without experiencing a quantum phase transition. Here the "trivial states" are reference states which have no quantum entanglement between any two different regions of space. Topological states of matter are characterized by topological properties such as gapless edge/surface states, ground state degeneracy, bulk quasi-particle excitations with fractional charge and fractional statistics. The fractionalization of quantum numbers and statistics can only occur in topological states with ground state degeneracy, which are called topologically ordered states 6, 7 .
In a topologically ordered state, a given configuration of topological quasi-particles correspond to a finite dimensional Hilbert space. Braiding quasi-particles around each other leads to a unitary transformation in the Hilbert space, which is named as the fractional statistics of the particles 8 . When the braiding of different particles leading to non-commuting transformations, the statistics of the particle is non-Abelian, and otherwise it is Abelian. Besides the statistics, each quasiparticle a also has a fractionalized spin θ a which is a phase factor obtained by the state of the system during the selfrotation of a by 2π. The spins of topological quasi-particles are related to their statistics, because when two particles wind around each other by 2π and return to their positions, from far away, other particles cannot determine whether there are two particles braiding or there is only one particle (obtained by the "fusion" of the two particles) spinning around itself. 9 The spin-statistics relation is a generalization of that for ordinary particles-i.e., fermions have half-odd-integer spin while bosons have integer spin. Therefore the spin values of quasiparticles are an important set of information that distinguishes different topological states. The calculation of topological spin is generically difficult except for algebraically defined topological field theories 9 and some ideal model states [10] [11] [12] . For microscopic lattice models with a topological phase, the topological spin of quasi-particles has only been computed numerically for several special cases: 1) The honeycomb lattice Kitaev model studied by calculating the braiding of quasiparticles 13, 14 ; 2) The fractional Chern insulators studied by modular transformations on a torus [15] [16] [17] . Such numerical results are usually restricted by small system size and specific knowledge about the ground state wavefunction.
For chiral topological states with robust chiral edge states, another fundamental topological quantity is the edge state chiral central charge. If the edge state is described by a chiral conformal field theory (CFT), it has a chiral central charge c, which determines the heat current I E = π 6 cT 2 at a given temperature. 18 The central charge also appears in the gravitational anomaly of the edge 19 if the system is coupled to a gravitational field. Since the edge states of a topological state is only a well-defined one-dimensional state in energy below the bulk gap, it can at most be described by a CFT in the long wavelength limit. (As we will discuss later, there are examples where the edge state is not Lorentz invariant even in the long wavelength limit, so that it's not a CFT at all.)
In this paper, we propose a new numerical method for the calculation of topological spins and chiral central charge in candidate systems of topological states, which is significantly simpler than previous numerical methods, and can be generally applied to identify topological states obtained in numerical approaches such as exact diagonalization and Monte Carlo. This method applies to a topological state defined on cylinder. Since a cylinder is topologically equivalent to a sphere with two punctures, each topological quasiparticle a corresponds to a ground state on the cylinder, which has quasiparticle a in each puncture. This is illustrated in Fig. 1 (a) . A rotation of the cylinder along the periodic direction y is equivalent to rotating the two particles simultaneously. By mapping to sphere we see that with reference to the direction normal to the sphere, one particle is rotated clockwisely while the other is rotated counter-clockwisely. Consequently, when the particles have spin θ a , a 2π rotation of the cylinder should lead to a Berry phase of e iθ a from one end and e −iθ a from the other end, which cancels each other as expected, since this global rotation is a symmetry of the system. To avoid the cancelation, we need to define a "twist" of the cylinder where only the left half of the cylinder is rotated, as is illustrated in Fig.  1 (b) . For a lattice system, we do not have a way to twist the cylinder continuously, but have to twist discretely. If we consider the twist Fig. 1 (b) where half of the cylinder is twisted by one lattice constant, and there are L y lattice sites in the y direction, such a twist should lead to a Berry's phase of e iθ a /L y coming from the left edge of the cylinder with particle type a, without cancelation from the right edge. However, the twist looks like a violent operation since it induces a discontinuous jump at the boundary between left and right halves of the cylinder. Naively this appeared to induce a non-universal correction to the phase obtained during the twist, and thus make it impossible to measure the spin θ a . The key result of the current work is that the non-universal contribution is independent from topological sector a, which is shown in the following formula:
with |G a the ground state in the a sector, c is the central charge of the edge CFT, and α is a non-universal complex constant. The key property of this formula is that the first term is universal and contains the topological information h a and c, while the second non-universal term is independent from a. We name the coefficient p a of the first term as the momentum polarization, which has the physical meaning of the net y momentum carried by the left edge in the ground state (in unit of 2π
L y
). We choose the unit 2π L y which is the momentum quantum carried by a local bosonic excitation. Therefore p a ∈ Z corresponds to a local excitation and the fractional part p a mod 1 is the topological contribution determined by the ground state. As we will show below, this result can be understood based on entanglement properties of topological states.
The rest of the paper is organized as following. In Sec. II we provide an analytic derivation of Eq. (1) based on edge state conformal field theory and quantum entanglement properties of the topological state. In Sec. III we verify this idea by numerical calculations in the honeycomb lattice Kitaev model 20 . In the non-Abelian phase of Kitaev model, we find that the spin of the non-Abelian anyon σ is θ a = π 8 , in consistency with the expectation that this state is described by an Ising topological quantum field theory. 20 In Sec. IV this result is further verified in another topological state, the fractional Chern insulators [21] [22] [23] [24] . The variational Monte Carlo wavefunction 15 of lattice Laughlin 1/2 state is confirmed to have central charge c = 1 and quasiparticle charge θ a = π 2 . Finally Sec. V is the conclusion and discussions.
II. ANALYTIC RESULT
In this section we will derive Eq. (1) based on the assumption that the edge state of the topological state is a chiral conformal field theory. As will be seen later in Sec. III, the numerical results indicate that the applicability of formula (1) goes beyond the edge CFT assumption, but analytically the result can only be derived under this assumption.
To begin with, we notice that the partial translation T L y only acts on the left half of the system, so that we can trace over the right half and define the reduced density matrix
The reduced density matrix ρ La is generically difficult to compute, but for topologically ordered states with chiral edge states, some long wavelength behavior of ρ La is known. 31 for a generic topological state with chiral CFT edge states. Here we will briefly review the result of Ref. 31 which will be applied to the current work.
The basic idea behind this derivation is that a cylinder can be considered as two cylinders A, B glued together, as is illustrated in Fig. 2 (a) . Before the gluing procedure, each cylinder has two edge states on the two boundaries, which in the long wavelength limit are described by a conformal field theory Hamiltonian H A(B) = H A(B)l + H A(B)r , with l, r denoting the left and right edge of each cylinder. A topological sector of the cylinder labeled by quasiparticle a corresponds to conformal blocks of the edge CFT formed by a primary field with scaling dimension h a and its descendants. The "gluing" is done by turning on a coupling between the two cylinders across the edge, and the coupling can be considered as a relevant coupling in the edge CFT. Using the property of CFT with relevant coupling, Ref. 31 reaches the conclusion that the reduced density matrix of the edge state Ar is ρ , which is a thermal density matrix of the chiral CFT restricted to the sector a. The left edge of A region is far from the B region, so that the left edge CFT stays in its ground state, with no entanglement with B region. This can be described by the same thermal density matrix with a temperature β l → ∞. The total reduced density matrix of the left half cylinder (A region) is
as is illustrated in Fig. 2 (b) . Therefore λ a defined in Eq. (2) is the average value of translation operator T L y in a CFT with left edge at zero temperature, and right edge at finite temperature. In CFT the translation operator has the form
Here we have used the linear dispersion of the edge CFT H l = vP l , H r = −vP r with v the velocity of the CFT. Now we introduce the characters χ a (q) of the CFT 32, 33 which are defined as
with tr a the trace in the conformal block a. From Eq. (3) 24 . On the other hand, the right edge is in the high temperature limit since vβ r ≪ L y . To compute the character in that limit we can make use of the modular transformation property of the character with S ab the modular S matrix 32 . Taking 
in the limit of vβ r ≪ L y , which demonstrates Eq. (1) with α = For finite L y /vβ r , the formula above obtains finite size corrections coming from two origins: i) the contribution of excited states to χ a (q) in low temperature limit. χ a (q) = q h a − c 24 (1 + n 1a q + ...) with n 1a the number of states in the topological sector a with momentum 2π/L y . ii) The contribution of other topological sectors b in the expansion (8) , which is proportional to q h b . In the two corrections above, the most leading contribution comes from the ground state of the topological sector with minimal scaling dimension. Denoting the minimal scaling dimension by h min , we obtain (10) and similarly for the numerator of Eq. (6) . Consequently the finite size correction to λ a is
We see that the finite size correction to formula (1) decays exponentially versus L y /vβ r , which suggests that this method can be applied well to finite size numerical calculations. Such an exponential convergence behavior is confirmed in the numerical results presented in next section.
Besides the finite size correction, other corrections to the formula (1) may occur in a realistic system due to deviations of the reduced density matrix ρ La from the CFT behavior. For example the edge state dispersion is not strictly linear, and the state counting may deviate from that of the pure CFT at high energy. Somewhat surprisingly, in the two physical systems we studied numerically, such nonuniversal corrections have not been found, and the result (1) remains valid even if the edge state deviates strongly from a CFT.
III. NUMERICAL RESULTS ON HONEYCOMB-LATTICE KITAEV MODEL
In this section we will calculate λ a numerically for the honeycomb-lattice Kitaev model 20 . Kitaev model is a special spin 1/2 model which has a non-Abelian topological phase that we are interested in. For our purpose, we consider the following Hamiltonian of the Kitaev model with nearest neighbor and second neighbor interactions: (12) with x, y, z links the three types of nearest neighbor links on the honeycomb lattice shown in Fig. 3 (a). △ in the J nn term denotes the upper and lower triangles shown in Fig. 3 (a), in which i jk runs counter-clockwisely around the triangle and j is at the upper or lower corner. For simplicity, we only introduced one type of second neighbor coupling instead of including all possible terms obtained by 60 degree rotations. The unique property of the Kitaev model is that it can be solved by the following Majorana representation
in which γ a i , a = x, y, z and η i are four Majorana fermion operators defined at site i. The Hilbert space of 4 Majorana fermions is 4-dimensional. The two physical states of the spin at site i form a subspace of the Majorana fermion Hilbert space which is determined by the condition
Using this representation the Hamiltonian is transformed to
Since u i j , u kl = 0 for all different links i j , kl , the Hamiltonian can be viewed as a free Majorana fermion Hamiltonian of η i with u i j = ±1 taking its eigenvalues. However the physical states have to satisfy the constraint (14) , which can be obtained by a projection in the following form:
with D i defined in Eq. (14) . The link variable u i j can be viewed as a Z 2 gauge field coupled to the Majorana fermion, and D i acts as a Z 2 gauge transformation which transforms η i → −η i and u i j → −u i j for all links connected to i. The physical state |Ψ is a superposition of all gauge equivalent configurations of gauge field u i j in direct product with the corresponding fermion state |Ψ F ({u}) . Kitaev model has several phases including a gapless phase and Abelian and nonAbelian topologically ordered phases. 20 In the following we mainly discuss the non-Abelian phase in which the η i fermion has a band structure with a nontrivial Chern number C = 1. There are three types of topological quasiparticles 1, σ, ψ in which 1 is the vacuum, ψ is the fermionic excitation of η Majorana fermion, and σ is a Z 2 flux of the gauge field u i j , with a Majorana zero mode of η Majorana fermion trapped in it. σ is the non-Abelian quasi-particle. Corresponding to the three quasi-particle sectors, there are three topological sectors for the system on a cylinder. Depending on the flux of u i j gauge field around the cylinder, the fermion η i has periodic or antiperiodic boundary conditions. As is shown in Fig. 3 (b) , the Majorana fermion has chiral edge states due to the topological band structure. When the Z 2 flux in the cylinder is −1, the edge state has anti-periodic boundary condition and momentum eigenvalues k = Fig. 3 (b) can be made, with u i j = −1 for all red links across the dashed line, and u i j = 1 otherwise. The ψ sector is the lowest energy excitation state . The third sector σ corresponds to the periodic boundary condition
is a guage configuration with +1 flux in the cylinder, which can be taken as u i j = 1 for all i j . It should be noticed that there are two degenerate states before projection due to the Majorana zero modes, but only one survives in the projection.
Due to the absence of quantum fluctuation of the Z 2 gauge field, the entanglement entropy and entanglement spectrum of Kitaev model can be obtained rigorously 30 . Using the reduced density matrix obtained in Ref. 30 , λ a in Eq. (2) can be reduced to that of the free Majorana fermion:
Here ρ Fa is the reduced density matrix of the left half cylinder, and T LF y is the gauge covariant translation operator acting on the fermion η i , which does a translation of the η i fermions associated with a gauge transformation that translates the gauge field configuration u i j . This is like the mag- netic translation operators in a Landau level. More details on the reduced density matrix and the calculation of momentum polarization are given in Appendix A. As a general result for free fermions and free bosons 34 , ρ Fa can be determined by the two-point function η i η j (due to the Wick theorem), and the entanglement Hamiltonian has the quadratic form H E = log Z a − log ρ Fa = i, j∈L iA i j η i η j . The constant Z a is determined by the normalization condition of the reduced density matrix. On the half cylinder, the entanglement Hamiltonian can be diagonalized into the form
with k the y-direction momentum taking the values of 2π L y n and
.., L y −1) for periodic and anti-periodic boundary conditions, respectively. f nk are the quasiparticle annihilation operators and ξ nk are the eigenvalues of the entanglement Hamiltonian. In the momentum basis, the translation operator simply multiples a phase e ik to each quasi-particle operator f nk , so that
Using Eq. (17) and Eq. (18) we obtain
Here a = 1, σ corresponds to the anti-periodic and periodic boundary conditions, respectively. Since the ψ state is an excited state of the anti-periodic sector, it is not directly included in the formula above. However, it is straightforward to show that λ ψ = λ 1 e iπ/L y with the phase factor e iπ/L y contributed by the edge state fermion excitation f † Lk . A honeycomb lattice on the cylinder can be defined with different orientations. Two different simple orientations are known as the "armchair edge" and "zigzag edge" in the graphene literature, as are illustrated in Fig. 3 (a) . We will focus on the zigzag edge, which is convenient for the reason that will be clear in later part of this section. The numerical results of λ σ and λ 1 are shown in Fig. 4 . To compare with the formula (1), we define θ a (L y ) = Im log λ a and do a linear fitting of L y θ a versus L Fig. 4 (b) , the
p a from the theoretical value decays exponentially versus L y , in agreement with the error estimation given by the CFT in Eq. (11) .
An important question is how robust is the formula (1). Since the derivation given in Sec. (II) is based on the CFT description of the edge states, it is not obvious whether the deviation of the edge state from CFT behavior will lead to corrections to the universal 1/L y term in Eq. (1). Interestingly, the numerical result above shows that the formula applies to the lattice model without any correction to the 1/L y term. To probe the robustness of the formula (1), we can modify the Hamiltonian near the cut between left and right parts of the cylinder. As is shown in Fig. 5 (a) , we turn off the second neighbor hopping along the sites that are at the boundary between left and right parts. Such an edge term does not change the topology of the system, but changes the entanglement spectrum. As is shown in Fig. 5 (b) , the edge state entanglement spectrum has a cubic dispersion E k ∝ k 3 in the long wavelength limit, rather than linear. Therefore even in the long wavelength limit the entanglement Hamiltonian H E is not a chiral conformal field theory. It is reasonable to believe that the physical edge (left edge) is unaffected by such a change of dispersion, since it has zero entanglement temperature and stays in the ground state of the topological sector. However the entangled edge (right edge) is at finite entanglement temperature, so that its contribution to momentum should be modified when the dispersion is changed. To our surprise, the numerical results shown in Fig. 5 (c) (d) clearly shows that formula (1) still applies to this case. Such a robustness beyond edge CFT description indicates that the quantization of momentum polarization has a deeper origin from bulk topology.
IV. PROJECTED WAVEFUNCTIONS FOR FRACTIONAL CHERN INSULATORS
In this section we will calculate the topological spin and chiral central charge for a ν = 1/2 lattice Laughlin state [35] [36] [37] . These lattice Laughlin states, also known as the fractional Chern insulators, are obtainable from parton constructions 38, 39 , and we develop a Monte Carlo approach for calculating their momentum polarization. Based on Eq.
(1), our numerical results for topological spin and chiral central charge are obtained for the ν = 1/2 lattice Laughlin state, which agree very well with the theoretical predictions from CFT. This suggests that momentum polarization is a very useful quantity for identifying chiral topological order from ground-state wave functions of interacting systems.
The fractional Chern insulators are lattice analogies of fractional quantum Hall states [21] [22] [23] [24] . When bosons or fermions fractionally fill a nearly flat band with nonzero Chern number, incompressible quantum liquid states with fractional quantized Hall conductance can appear as stable ground states of a repulsive interaction Hamiltonian. In this work, we focus on a particular example of fractional Chern insulator, i.e. a ν = 1/2 lattice Laughlin state of hardcore bosons. Let us consider a N × N square lattice with single parton sites. To construct a ν = 1/2 lattice Laughlin state, we use the parton construction in Ref. 15, 40 and split the hardcore boson at each site into two fermionic partons,
The physical Hilbert space of hardcore bosons requires either two partons or no parton at each site, corresponding to the presence or absence of hardcore boson, respectively. To build a hardcore boson wave function from partons, a projector P G is needed to remove those unphysical configurations with single-parton sites. Then, a hardcore boson state can be obtained by acting the projector P G on the parton wave function
Now we assume that the fermionic partons are in the ground state of the following Chern insulator (See Fig. 6 ) (20) Here the nearest-neighbor hopping integrals t i j are equal to t along x direction and take the value t (−t) in odd (even) columns along y direction. The next-nearest-neighbor hopping integrals ∆ i j are ∆ (−∆) if the hopping direction is along (against) the arrow in Fig. 6 . In this work we focus on t = 1 and ∆ = 1/2. For periodic boundary conditions along both directions, the Hamiltonian (20) has two bands with Chern number C = ±1. At half filling, the ground state of partons has a completely filled lower band. After projecting this parton band insulator state onto hardcore bosons, it has been shown 40 that the resulting projected wave function is a ν = 1/2 lattice Laughlin state with two-fold degenerate on a torus, and its topological sectors are related with the boundary conditions of partons: the identity sector (semion sector) is given by |Φ 1 >= |0, 0 > +|π, 0 >= |0, π > +|π, π > (|Φ s >= |0, 0 > −|π, 0 >= |0, π > −|π, π >), where |Ψ x , Ψ y > is the projected wavefunction with periodic (Ψ x = 0) or antiperiod (Ψ x = π) parton boundary conditions along x and similarly Ψ y = 0, π along y.
The parton construction of the ν = 1/2 lattice Laughlin ground states on a cylinder has further complication due to its gapless chiral edge modes. To shed some light on the twofold degenerate ground-state projected wavefunctions, imagine that we start on a torus and adiabatically lower all hopping amplitudes across the x boundary until they are much smaller than the chiral edge modes' finite size gap proportional to L −1 . As such a process involves no gap closing or level crossing, the wavefunction's topological properties, es- 
In the last step of both equations we have used the particle hole symmetry of the Hamiltonian (20) . |Φ a , a = 1, s can be written in the equivalent form of |Φ a = P G |φ a ↑ |φ a ↓ , with the two parton wavefunctions |φ a ↑,↓ defined by
with σ =↑, ↓. The identification of topological sectors above is further confirmed by using a Monte Carlo algorithm 16 to calculate the overlap between a series of projected wavefunctions of the form
and p, q complex coefficients. The overlap of the states with trial values (p, q)
confirms that the only two linearly independent basis states are the two topological ground states (p, q) = (1, 0) and
, corresponding to Eq. (23) and (24) . To develop a Monte Carlo method to compute the momentum polarization, we note that the expectation value of the twist operator T L y for |Φ a can be express as
where |α corresponds to a lattice configuration with N 2 /2 hardcore bosons, and |T L y α a configuration with the positions of hardcore bosons at the left half of the cylinder being translated by one lattice spacing in y. Based on Eq. (26), Φ a |T L y |Φ a can be straightforwardly evaluated by treating | α|Φ a | 2 as the probability for Monte Carlo updates and Φ a |T L y α / Φ a |α as the Monte Carlo measurable. For the present ν = 1/2 Laughlin state wavefunctions, these quantities can be expressed in terms of determinant squares and updated efficiently with the inverse-matrix update techniques 41 . We emphasize that this Monte Carlo approach is also applicable for other chiral topological states from fermionic parton constructions 42 , whose wavefunctions take the form of determinants and/or Pfaffians.
The results from this Monte Carlo method are shown in Fig.  7 . According to Eq. 1, the intercept of the linear fit of L y θ a versus L 2 y for the identity sector corresponds to the measured central charge of the system c = 1.078 ± 0.091, whereas the difference in L y θ a between the two sectors corresponds to 2πh, so the measured topological spin is h s = 0.252 ± 0.006. These are well consistent with the known theoretical values for the model c = 1 and h = 1/4, and suggest Eq. (1) is also applicable to the parton constructed systems.
V. DISCUSSION AND CONCLUSION
In summary, we have proposed a new efficient method for computing the quasi-particle topological spin and chiral central charge for chiral topologically ordered states. By defining the partial translation operator T L y which translates the left part of the cylinder by one lattice constant, the combination of topological spin h a and chiral central charge c can be extracted from a universal term 1) ) from the edge CFT form of the reduced density matrix, and also numerically verified the formula in two distinct topological states, the honeycomb lattice Kitaev model and the ν = 1/2 bosonic Laughlin state in fractional Chern insulators. Compared to previous numerical approaches which computes braid matrix of quasiparticles 13, 14 and modular S , T matrices [15] [16] [17] , the method we propose is more efficient.
It is interesting to note that the momentum polarization defined on cylinder may be related to the characterization of one-dimensional symmetry protected topological states. If we view the cylinder as a one-dimensional (1D) chain, with the cylinder direction as an "extra-dimension", the system can be viewed as a one-dimensional system with a Z N discrete symmetry. Here Z N is the translation along y direction with N = L y . In 1D there is no intrinsic topological state but there are symmetry-protected topological states, which have nontrivial edge states at each end of the 1D chain protected by global symmetries of the system. The type of topological state for a given symmetry group G is classified by the inequivalent projective representations of G, or equivalently by the second cohomology of the group H 2 (G, U(1)) [43] [44] [45] . When the edge state carries a nontrivial projective representation of the group G, there will be a nontrivial series of group operations g i such that g N g N−1 ...g 1 = 1 but the sequential action of g i on the edge state leads to a nontrivial phase factor e iθ . This phase factor will be canceled the other edge so that the whole system is still invariant in G. Compared with the momentum polarization we see that the idea is very similar. A phase θ = 2π h − is obtained by the left edge upon a 2π rotation of the cylinder, which is canceled by the right edge. However, the group cohomology of Z N (and its continuum limit U(1)) is trivial. 46 Therefore if only the translation Z N symmetry is concerned, the projective representation labeled by the fractional momentum h − c 24 can be linearized, and no nontrivial classification is obtained. More information is required besides translation symmetry to give a fundamental reason for the accurate quantization of h a , c in lattice models that is observed in the current work. Physically, the missing information is probably related to the locality of the model in 2D, which distinguishes a 2D model on the cylinder from a more generic 1D model with Z N symmetry.
In the two example systems studied in this paper, the ground states in each topological sector is obtained from the knowledge to these states. However, it should be noted that in general our method does not require knowledge on topological sectors. If |G α , α = 1, 2, ..., n denote the n orthogonal ground states on the cylinder in an unknown basis, |G α may be superpositions of different topological sectors |G a . An important observation is that the partial translation T L y does not change the topological sector, so that G a | T L y |G b ∝ δ ab is diagonal. Physically, the reason is that topological sector a cannot be measured by local probes but can only be measured by creating a pair of quasi-particles, taking one of them around the cylinder and then reannihilate them. We can choose the path of the quasi-particle so that it's far from the boundaries of the cylinder and the partition in the middle. As long as this is satisfied, such a quasi-particle motion is unaffected by the operation of partial translation T L y . Therefore the topological sector has to remain the same after partial translation. Consequently, in a generic basis one just needs to calculate the matrix Besides the examples given in the current work, the momentum polarization can be applied a wide range of other topological states. The Monte Carlo method of computing the momentum polarization discussed in Sec. IV generally applies to other projected wavefunctions obtained by various parton constructions. In particular, this approach can be used to detect topological spin and chiral central charge in non-Abelian chiral topological states, which will be helpful in identifying the topological order in more complicated many-body wave functions. For instance, natural candidates for testing the momentum polarization scheme include SU(n) k states 16 and SO(2n + 1) 1 states 47 , whose trial wavefunctions and chiral edge CFTs are known. The momentum polarization results of these non-Abelian states will be reported in future works.
Our approach may also have interesting applications in topological states described by density matrix renormalization group (DMRG) 48 . DMRG applies to all gapped 1D states well, which is equivalent to finding a variational ground state with the form of matrix product states (MPS) 49 . MPS refers to states of the form |Ψ = {ν i } T a matrix with "internal" indices α, β. The DMRG/MPS approach has been applied to 2D topological states on a cylinder [50] [51] [52] [53] , which can be viewed as a 1D gapped state with a large number of states at each site, or one with a finite but long range interaction. Recently, the infinite DMRG, or infinite MPS, description has been studied for FQH states 54 and FCI states 17 , which simplifies the variational state by assuming a translation invariant ansatz and taking the infinite length limit. Besides the MPS states obtained numerically, the model wavefunctions of FQH states obtained from CFT correlation functions have also been shown to have the infinite MPS form when defined on a cylinder 55, 56 (with infinite internal dimension). The infinite MPS is particularly suitable for the study of the momentum polarization we propose, since it provides a description of the reduced density matrix using the internal auxiliary space (called the Schmidt states). In the long cylinder limit, the momentum polarization can be directly computed from the matrices T µ at each site. An interesting open question is whether it is possible to obtain a generic proof of the universal quantization of the momentum polarization h a − c 24 from the infinite MPS approach, which, if exists, will be more rigorous than the CFT approach taken in the current work. Another interesting direction is to generalize the infinite MPS approach of Ref. 54 to cylinder FQH to FCI states by using the Wannier state representation [57] [58] [59] . We would like to note that Ref. 17 has studied the modular S , T matrices by a similar approach as Ref. 15 , and Ref. 54 has independently studied the topological spin in an approach similar to ours, but with a continuous instead of discrete twist operator which is specially defined for cylinder FQH states.
with the two ± labeling the eigenvalues of w 13 , w 24 respectively, and ↑, ↓ labels those of u 12 , u 34 . A state u i j with fixed values of u i j on all links can be written in the new basis. For simplicity we can always make a gauge choice so that u i j = 1 for all links crossing the boundary. For such u i j , we have
A physical ground state has the form
2 . We write the η i fermion ground state G F u i j in the Schmit decomposition form
with Ψ L N and Ψ R N a set of orthogonal basis of left and right side η fermions respectively, and α N the Schmit eigenvalues satisfying N |α N | 2 = 1. Such a Schmit decomposition for quadratic fermion problem can be reduced to a simple single-particle problem 34 , the detail of which will be discussed later in this appendix. Thus the ground state is written as
in which we have written P = P L P R since the projection is local and separable to two subsystems. If we expand P R = i∈R
2 , there are two terms which preserve the gauge field configurations u R i j , w i j , which are 1 and i∈R D i . The second term does a gauge transformation to all sites η i → −η i but preserves all the link variables. Therefore we can write
and similar for P L . Here ≃ denotes gauge equivalence. For two states
with different boundary configurations w i j , after the projection they are still orthogonal since it is not possible to do a gauge transformation to w i j without affecting u i j on neighboring links. Also the number of orthogonal states in Eq. (A7) is the same for all configurations. Therefore the reduced density matrix is
The translation operator T The anti-periodic sector is a bit more complicated. We can choose a gauge with u i j = −1 on all links across a horizontal line, as is shown by the black solid line in Fig. 8 (b) , and u i j = 1 on all other links. For convenience we label the horizontal chains parallel to the branchcut line by n = 1, 2, ..., L y as is illustrated in Fig. 8 (b) by the blue solid line. We choose the labeling such that the branchcut line is at the boundary, between n = 1 and n = L y . In this gauge, the gauge transformation V T u 
